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Summary

Indeterminate forms are examples of limits that we cannot solve just by plugging in the z-limit into
the function, but we can identify them by considering what happens to the function as x approaches the
limit. The table below shows the 7 indeterminate forms.

Type Form Example
L’Hopital’s Rule % limg,z %
4+ T
Product 0-(£o0) lim, o+ zlnz
Difference 00 — 00 lim, 3+ V22 -9 —z
Power 00 lim,_, o+ (sinx)®
1% limg oo (14 2)™
0o? lim,_,o+ (Inx)2*

The first example is of the form % since the numerator and denominator both approach 0 as z — . To

give one more example, we see that, as x — 07, Inz — —oo0, so that the third limit is of the form 0 - co.

We will work out eaxmples of some of these indeterminate forms in the following pages: Examples 1 and
2 are of the form %, Example 3 is of the form 22, Example 4 is of the form 0 - oo, Example 5 is of the form
0%, and Example 6 is of the form 1°°.

We use L’Hépital’s Rule to solve indeterminate forms, particularly the forms % and 22. It is important
to remember that we can only use L’Hopital’s Rule on limits that are one of these two forms. Fortunately,
any of the latter three forms listed above can be rewritten to be of the form % or 2. L’Hopital’s Rule then
states that if

. f 0 400
lim = —- - or —,
z—=c g 0 Ee'e)
then, assuming f’ and ¢’ exist,
/
lim = = lim ~ .
r—c g r—c g

Be sure not to confuse this with the Quotient Rule for derivatives. Consider the first example in the

table. Here f(x) = cosx and g(x) = x — 7, both of which approach 0 as 2 — 7. Since ¢’ = 1 exists, we may

use L’Hopital’s Rule to get

. Cosw . —sinz -1
lim = lim = —=—1.

We may need to use L’Hoépital’s Rule more than once in a problem. We can use L’Hopital’s Rule

repeatedly, so long as each subsequent limit is of the form % or 2. Example 3 illustrates this. Examples 4,
5, and 6 show how to go from other indeterminate forms to % or .
Sometimes students identify certain forms such as % or ¥ as indeterminate, when in fact these forms

are determinate. We list these in the last section. These two forms give 0 and oo respectively.
Indeterminate Forms

Often when taking limits, we cannot just evaluate the function at the desired z-value. Consider, for
example, the limit of the function f(z) = zlnz as x approaches 0 from the right:

li = li Inz.
g S0 = g, el

On the one hand, the x goes to 0, but on the other hand the In z approaches —oco. This gives us our first
indeterminate form, 0 oo (we ignore the negative sign). This form is called “indeterminate” because it’s



Indeterminate Forms and
L’Hopital’s Rule

not clear whether the x “wins out” and brings the limit to 0, or if the tendency of Inx towards —oo causes
the limit to diverge.

There are many different types of indeterminate forms, which we list at the end of this section and in
the Summary on the first page. For now, let us consider two more types of indeterminate forms: 0° and
%. For the former, consider the two functions f(z) = 2° and g(z) = 0*. For (positive) nonzero z, we know
that 2° = 1 and 0® = 0. On the other hand, 0° is not defined. Consider the limit of each function as z
approaches 0: .

and lim g(z) = lim 0.

Jim f(x) - Ihi)l}):l? z—0F z—0

z—0

Note that 0% is not defined for negative x (otherwise we would have %), so we can only approach it from
the right. We see that both limits are of the form 0° in the sense that both the base and the exponent either
approach 0 or are 0. It turns out that the limit for f(x) is 1 and the limit for g(z) is 0. This example shows
why we call such limits “indeterminate”; though they are of the same form, 0°, the two limits are different.
Later on in this handout, we will compute the limit of 2% as  — 0%, which is also of the form 0°.

Now let’s turn our attention to %. Consider the two rational functions

B4 —z—1 sinx
fl@)= ———— and g(z)= ;

2 —x x

and consider the following limits of each function:

3 2 :
. o+t —x—1 . . sinzx
311—>rnl f(x) o 9131—>ml 2 —z and il_r)%g(z‘) a il—% x

Both limits are of the form % since the numerators and denominators of both all approach 0. On the

other hand, we could use L'Hépital’s Rule to show that the limit for f(x) is 4 and that the limit for g(z) is
1. % is thus also an indeterminate form since the two limits are not equal.

There are 7 types of indeterminate forms: %, +22,0- (£00), 00 — 00, 09,1, and oo®. In general, when
dividing by 0 or oo, raising 0 or co to a power, or using 0 or co as an exponent, an indeterminate form
might pop up. In some cases, such as -, the limit will be unambiguous, but other times there will be an

00 !
indeterminate form!
L’Hopital’s Rule

We sometimes find limits that are indeterminate forms and which we can also manipulate algebraically.

For example,
P | Vr—2

lim — , and lim
=1 x4 — T =4 xr—4

are both of the form % and can be solved by factoring and multiplying by conjugates respectively. On the

other hand, without L’Hopital’s Rule, we don’t have a simple way to evaluate limits such as

. Inz . cos T
lim —, or lim

—
T—o0 I =5 X — 5

L’Hopital’s Rule allows us to evaluate limits that take one of the seven indeterminate forms discussed
above. To be precise, we can only use L’Hopital’s Rule on the forms % and 22, but each of the other five
forms can actually be rewritten to take the form % or 2. We will see how to do this in some later examples.

For now, note that the function f(z) = xlnz, which we saw was of the form 0 - oo as z — 0%, can be

rewritten as f(x) = llnﬁ, which now has the form 2 as z — 0F.
L’Hopital’s Rule states that if
lim M — 9’ or iﬁ’
a—c g(z) 0 +o0
then, assuming f'(z) and ¢'(z) exist,
f(z) f'(x)
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Keep in mind that this is not the Quotient Rule; we are simply taking the derivative of the numerator

over the derivative of the denominator. If it turns out that lim,_,. g—,/ is also of the form % or 22, may we

simply use L’Hépital’s Rule again, assuming that f” and ¢” exist. In the following examples we will see why
this is so useful. Remember, however, to try and evaluate the limit at each step.

sin x
T

Ezample 1. Evaluate lim,_,q using L, Hopital’s Rule.

First note that as x — 0, N = sinz and D = x both approach 0. We can see this by plugging in 0 to
the functions sin x and z. This limit is therefore of the form %, so we may use L’Hopital’s Rule. N/ = cos z,
and D’ = 1. Thus, we have

. _ 1 sinz L !

€52L by simply plugging in z = 0. This gives us our answer

We may now evaluate lim; o <5

sin x

lim =1.
z—0 X

This fact is sometimes given without proof. This is how to prove it!

z3+m27m71

Example 2. Evaluate lim, 1 “25—"

As we saw in the previous section, this is of the form %. Thus, we may use L’Hopital’s Rule. Taking the
derivative of the numerator and of the denominator gives
o4tz —1 324221 4
lim ————— = lim ———— = - =4.
z—1 T4 —x z—1 20 — 1 1
After each step of L’Hopital’s Rule, remember to evaluate the new limit to see if it is no longer an inde-
terminate form.
(Inx)?

Ezample 3. Evaluate limy ;o ~— .

Note that this is of the form 22. We use L’Hopital’s Rule to get

. (Inxz)? . (2lnz)l . 2Inz
lim = lim —~% = lim .
T—00 x T—00 r—o0 X

We see that this is again of the form 22. Thus, we use L’Hopital’s Rule again to get

. 2lnzx
lim = lim
r—00 I rz—00 |

2
This gives us our answer, lim, (ln;) = 0. Remember that we can use L’Hopital’s Rule as many times
0

as necessary, so long as the new limit is of the form § or .

Ezxample 4. Evaluate lim,_,g+ xIn x.

Right now, this limit is of the form 0- 0o, so we cannot use L’Hopital’s Rule yet, since it’s not of the form
% or 2. At the beginning of this section, we noted that xInx = 11“—5, and that rewriting it this way gets the

function into the desired 22 form. We may now use L’Hopital’s Rule to obtain

1
. . Ingz . =
lim zlnx = lim -4 = lim ””1 .

z—0+ z—0+ > rz—0+ -2

If we plug z = 0O into this last expression, we still get 22, so one might think that we ought to use
L’Hopital’s Rule again. This would not solve the problem—in fact, we could take the derivative of the
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numerator and of the denominator indefinitely and get 2 (for practice, verify this). Thankfully, we can

rewrite 711//”;2 as just —x, so the limit then becomes

1
lim :cl = lim —x=0.
z—0t -2z r—0t

This implies lim,_,g+ zlnz = 0. Remember to try and evaluate the new limit each time before using
L’Hopital’s Rule. We see from this example that we can rewrite other indeterminate forms as 52 in order to
evaluate them using L’Hopital’s Rule.

Ezxample 5. Evaluate lim,_,q+ x*.

This limit is indeterminate of the form 0. Nevertheless, we may solve it using L’Hépital’s Rule. First
note that « = e™®. We may then write

7% = (elnw)w _ ewlnw.
We saw zlnz in the last example. As x — 07, xlnz — 0. We then have

lim 2% = lim ™% = lim ¢’ =1.
z—0t z—0t z—0+t

Technically, we didn’t use L’Hopital’s Rule in this Example, but that’s only because we had already used
it to do the work of evaluating zInz. This trick of rewriting 2® as e*™® is an important trick to keep in
mind for evaluating limits of the form 0°, 00?, and 1°°. Since expressions of the form e~ €®, and > always
work out to 0,1, and oo respectively, rewriting the indeterminate forms as ef(*) allows us to focus only on
the limit f(x). Here, for example, we rewrote % as ef(®) where f(z) = zlnz. We then used the limit of
zlnx to get our final limit.

Ezample 6. Evaluate limg,_, (1 + %)$

This limit takes the indeterminate form 1°°, since % — 0 as £ — oo. Recall the trick we used in the

previous example. We may rewrite 1 + % as em(1+1/7) g5 that we get

1\* @
(1 n ) _ (eln(1+1/x)> — erln(1+1/2)
X

This expression is a bit scary, but remember that now we just need to focus on the exponent, = In(1+ %)
If we take the limit as  — oo, we see that this expression is of the form oo - 0 since In1 = 0. To handle this
indeterminate form, we must rewrite it as

In(1+2
xln(l—i—;):w.

Taking the limit as z — oo, we see that the numerator approaches In1 = 0, and that the denominator

approaches 0. Thus, our limit is of the form %, and so we may now use L’Hopital’s Rule to obtain
—1/22
- In (1+ %) . (1+1/m) . 1
lim ———*= = lim ———* = lim T-
T—00 ES T—oo  — = z—o0 | 4+ =
T xr xr

The % in the denominator approaches 0 as * — oo, so that the final limit is % = 1. We now conclude

that the limit of xIn (1 + %) as * — oo is 1. Using this in our original problem, we have that

1 xT
lim <1 + ) = lim e*(+1/2) — 1 — ¢
T

Tr—r 00 Tr—r00
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This limit is in fact the definition of e, but this work verifies that the definition is consistent with the
properties of limits and with L’Hopital’s Rule.

Things that are Not Indeterminate Forms

Students sometimes incorrectly identify certain limits as indeterminate forms. Here we’ll cover some
common mistakes of this type. Here we list these forms and give their limits:

Form | Limit | Example
£ 0 lim, o0 2
% o0 limg, o0 =
% 00 lim,_,o %
% 00 limg o0 11“7;
2 0 lim, 0t

In the first three forms, k represents any constant such as 2,7, or e. For the form 7, the numerator is

already increasing without bound, and the shrinking denominator further makes the limit tend towards co.
For the last form, %, the numerator is shrinking and the denominator is growing without bound, both of
which make the limit tend towards 0.



